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The femtoscopy correlation radii for d-Au collisions at 200GeV are calculated in the hydrodynamic
model and compared to PHENIX collaboration data. For asymmetric systems, such as d-Au or p-Pb
collisions, the correlation radius Rout−long is estimated and predicted to be non-zero. It appears
due to different lifetimes of the parts of the fireball at positive and negative rapidities. Azimuthally
sensitive Hanbury Brown-Twiss analysis with respect to the second order event plane shows a
significant angular dependence of the radii. It reflects the strong azimuthal asymmetry of the d-Au
source geometry and flow for central interactions.
PACS numbers: 25.75.-q, 25.75.Gz, 25.75.Ld
I. INTRODUCTION
The dynamics of ultrarelativistic collisions between a
large nucleus and a smaller projectile is the subject of
intensive experimental and theoretical studies [1]. One
of the key characteristic of the system is the size of
the interaction region [2–4]. The PHENIX collaboration
published results on the Hanbury Brown-Twiss (HBT)
correlations for d-Au collisions at 200GeV [5]. The re-
sults are for three HBT radii side Rside, out Rout, and
long Rlong (Rs,o,l) as function of the pion pair momen-
tum and for different collision centralities. Previously the
PHENIX experiment presented results indicating collec-
tive flow effects in the dynamics of d-Au collisions [6].
The density of matter created in central d-Au interac-
tions is similar as in Au-Au collisions, which implies a
collective expansion stage. Combined with the large ec-
centricity of the fireball in d-Au collisions it leads to a
significant elliptic flow of emitted particles [7]. In the hy-
drodynamic model hadrons are emitted from the freeze-
out hypersurface and the femtoscopy radii measure the
size of the effective emission region (the homogeneity re-
gion). The collective expansion of matter leads to strong
space-momentum correlations for the emitted particles.
The size of the homogeneity region measured with pion
interferometry diminishes with increasing average pion
pair momentum [8].
In central collisions of asymmetric systems, such as
d-Au and p-Pb collisions, the charged particle density in
rapidity is far from boost invariance and is not symmetric
in the central rapidity region [9, 10]. The fireball formed
in the collision is asymmetric in space-time rapidity, on
the side of the larger nucleus it lives longer. In the fol-
lowing, it is shown that an additional radius parameter
appears in the Gaussian form of the interferometry cor-
relations function, representing a mixed out-long correla-
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tions term. The value of the R2out−long (R
2
ol) parameter
is predicted for d-Au and p-Pb collisions.
The azimuthal asymmetry of the emitting source can
be observed using the method of azimuthally sensitive
HBT correlations [11, 12]. In particular, the spatial ec-
centricity should be visible as an increase of the side ra-
dius extracted for pion pairs emitted in plane. The az-
imuthal dependence of the interferometry radii with re-
spect to the second order event plane involves even har-
monics in its Fourier decomposition. In Sect. V, it is
shown that for a system with strong quadrupole defor-
mation, as in d-Au collisions, the second harmonic com-
ponent can be identified for all the three HBT radii.
II. HBT RADII
The dynamics of d-Au and Au-Au collisions is de-
scribed using the event-by-event 3 + 1-dimensional vis-
cous hydrodynamic model [13]. The initial density of
the fireball formed in the collision is modeled using the
Glauber Monte Carlo model [14]. For each initial density
profile, the expansion is followed using viscous hydrody-
namics with shear and and bulk viscosity. The viscosity
to entropy ratio is fixed at 0.08 for the shear and 0.04
for bulk viscosity [15]. At the freeze-out temperature of
150MeV the collective expansion stops and particles are
emitted, with subsequent resonance decays [14]. Due to
limited statistics that can be obtained in the simulations,
for each hydrodynamic freeze-out hypersurface 5000 real
events are generated and combined together to increase
statistics. It means that the number of pion pairs per
event is effectively increased 5000 times.
The correlation function C(q, k) for a pion pair of av-
erage momentum k and relative momentum q is approx-
20 5
0
5
1/3
partN
 
 
 
 
 
[fm
]
lo
ng
 
, 
R
o
u
t
R
out
b)   R
0 5
0
5
1/3
partN
longc)   R
0 5
0
5 
 
 
 
 
[fm
]
si
de
R
sidea)   R
0 5
0
5
hydro model
Au-Au 200GeV
d-Au  200GeV
PHENIX Data
Au-Au 200GeV
STAR Data
Au-Au 200GeV
STAR Preliminary
d-Au 200GeV
d-Au  200GeV
FIG. 1. The HBT radii Rside (panel a)), Rout (panel b)), and Rlong (panel c)) for d-Au and Au-Au collisions at 200GeV for
different centralities (plotted as function of N
1/3
part). The experimental data of the PHENIX collaboration are represented using
circles (Au-Au) [16] and up-triangles (d-Au) [5], the Au-Au data of the STAR collaboration using open squares [17], and the
preliminary d-Au data of the STAR collaboration using crosses [18]. The results of the hydrodynamic model are shown using
diamonds (d-Au) and solid squares (Au-Au [19]).
imated by a histogram C(q, k) in a bin qa, kb [19]
C(qa, kb) =
1
Npairs,num
∑Nh
j=1
∑Ne
m,l=1
∑Ml
s=1
∑Mm
f=1 δqaδkbΨ(q, x1 − x2)
1
Npairs,den
∑Nh
i6=j=1
∑Ne
l,m=1
∑Ml
s=1
∑Mm
f=1 δqaδkb
.(2.1)
The numerator is constructed summing over events l and
m generated from the same freeze-out hypersurface j (Ml
and Mm are the multiplicities of the respective events),
in the denominator the two events are generated from
two different hydrodynamic events i and j. If the rela-
tive momentum q = ps − pf and the average pair mo-
mentum k = (ps + pf)/2 fall into the respective bins,
δqa and δkb are 1 and 0 otherwise. Ψ(q, x1 − x2) =
(eiq(x1−x2) + e−iq(x1−x2))/
√
2 is the symmetrized wave-
function of the pion pair. Final state interactions be-
tween pions, are not taken into account in the above
formula and no corrections for such interactions are per-
formed when fitting the Gaussian formula to the corre-
lation function. The correlation function is constructed
in the longitudinal comoving system for pion pairs with
rapidity |y| < 1. The details of the procedure for the
hydrodynamic evolution and for the construction of the
HBT correlation function in the event-by-event hydrody-
namic model can be found in [2, 19].
In a given average transverse pair momentum k⊥ bin,
the dependence of the correlation function C(q, k⊥) on
the relative momentum q is decomposed into three com-
ponents, ql along the beam axis, qo along the pair trans-
verse momentum k⊥ in the local comoving system, and qs
orthogonal to the first two directions. The Bertsch-Pratt
formula is fitted in 3-dimensions
C(q, k⊥) = 1 + λe
−R2oq
2
o−R
2
sq
2
s−R
2
l q
2
l , (2.2)
where the extracted parameters Ro,s,l are the three HBT
radii [20].
In Fig. 1 is shown the dependence of the HBT radii
on the average number of participant nucleons for the
given centrality class, for 350MeV< k⊥ < 450MeV. The
calculation reproduces rather well the experimental data
of the PHENIX collaboration for d-Au collisions. The
preliminary STAR collaboration results for Ro in d-Au
are below the PHENIX results. The systematic uncer-
tainty of the fitted results for the hydrodynamic calcu-
3lation is estimated by varying the range of the fit from
|q| < 0.1GeV to 0.2GeV, the variation of the extracted
radii is smaller than 10%.
The calculated radii for Au-Au collisions are system-
atically below the experimental values. The deviation
is not reduced by lowering the freeze-out temperature to
140MeV. The result shows that the hydrodynamic model
can describe only partly the dependence of the HBT radii
on the system size and the centrality of the collisions. It
may indicate that the flow profile generated in the hy-
drodynamic simulation with Glauber model initial con-
ditions is only approximate or that contributions of the
pre-equilibrium flow or rescattering stage are noticeable
[21]. Other effects could be also be important for the
interferometry in small systems [22].
III. AZIMUTHALLY SENSITIVE HBT
CORRELATION FUNCTION IN ASYMMETRIC
COLLISIONS
In this section I recall the basic formulae of the az-
imuthally sensitive HBT analysis [11] and apply them to
the correlation function with respect to the second order
event-plane, for a system without forward-backward sym-
metry in rapidity. The azimuthal dependence of the HBT
correlation function comes from the explicit dependence
on the angle Φ between the emitted pion pair with respect
to the event-plane and from the implicit dependence of
the emission function S(x, k) on the angle [11, 12]. For a
general Gaussian parametrization of the correlation func-
tion
C(q, k) = 1 + λe−
∑
i,j
R2i,jqiqj , i = o, s, l , (3.1)
the radii parameters R2i,j are related to moments of the
emission function S(x, k), Sµν = 〈xµxν〉 − 〈xµ〉〈xν〉, z is
along the beam direction, (x-y) is the transverse plane,
the second order flow direction is x. The symmetries of
the emission function S(x, k) can be used to infer the
form the azimuthal dependence of the HBT radii [12]. In
central p-Pb and d-Au collisions the fireball exhibits ellip-
tic and triangular deformation. For p-Pb collisions it oc-
curs solely due to fluctuations, while for d-Au collisions,
even a zero impact parameter, the intrinsic deformation
of the deuteron dominates the fireball eccentricity. In
any case, the azimuthal angle is defined with respect to
second order event plane in each event. In the average
over many events, while keeping always the orientation
with respect to the second order plane, one is left with
two symmetries of the emission source
S(x, y, z, k⊥,Φ) = S(x,−y, z, k⊥,−Φ)
S(x, y, z, k⊥,Φ) = S(−x, y, z, k⊥, pi − Φ) . (3.2)
The Fourier expansion of the emission source moments
respecting the symmetry is
1
2
(
(〈x2〉 − 〈x〉2) + (〈y2〉 − 〈y〉2)) =
A0 + 2
∑
n=2,4,...
An cos(nΦ)
1
2
(
(〈x2〉 − 〈x〉2) − (〈y2〉 − 〈y〉2)) =
B0 + 2
∑
n=2,4,...
Bn cos(nΦ)
〈xy〉 − 〈x〉〈y〉 = 2
∑
n=2,4,...
Cn sin(nΦ)
〈t2〉 − 〈t〉2 = D0 + 2
∑
n=2,4,...
Dn cos(nΦ)
〈tx〉 − 〈t〉〈x〉 = 2
∑
n=1,3,...
En cos(nΦ)
〈ty〉 − 〈t〉〈y〉 = 2
∑
n=1,3,...
Fn sin(nΦ)
〈tz〉 − 〈t〉〈z〉 = G0 + 2
∑
n=2,4,...
Gn cos(nΦ)
〈xz〉 − 〈x〉〈z〉 = 2
∑
n=1,3,...
Hn cos(nΦ)
〈yz〉 − 〈y〉〈z〉 = 2
∑
n=1,3,...
In sin(nΦ)
〈z2〉 − 〈z〉2 = J0 + 2
∑
n=2,4,...
Jn cos(nΦ) (3.3)
The HBT parameters R2i,j(Φ) of the Gaussian correlation
function are obtained after rotation to the direction of the
pair [8, 12]. The first terms of the Fourier expansion of
the azimuthal dependence of the HBT radii are
R2s = A0 −B2 − C2 + (2A2 −B0 −B4 − C4) cos(2Φ)
R2o = A0 +B2 + C2 − 2E1β⊥ − 2F1β⊥ +D0β2⊥
+ (2A2 +B0 +B4 + C4− 2β⊥(E1 + E3 − F1 + F3)
+2D2β
2
⊥) cos(2Φ)
R2os = (−B0 +B4 + C4 + β⊥(E1 − E3 − F1 − F3))
sin(2Φ)
R2l = J0 + 2J2 cos(2Φ)
R2ol = H1 + I1 −G0β⊥ + (I1 + I3 −H1 +H3) cos(2Φ)
R2sl = (I1 + I3 −H1 +H3) sin(2Φ) , (3.4)
where β⊥ = k⊥/k0. The symmetry does not constraint
the angle independent term of R2ol to vanish.
IV. Rout−long IN ASYMMETRIC COLLISIONS
In asymmetric collision one finds four angle indepen-
dent radii parameters (Eq. 3.4) and the HBT correlation
function has the form
C(q, k⊥) = 1 + λe
−R2oq
2
o−R
2
sq
2
s−R
2
l q
2
l−2R
2
olqoql . (4.1)
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FIG. 2. The HBT radius R2ol for d-Au collisions at 200GeV
(circles) and for p-Pb collisions at 5.02TeV (stars) as function
of the pion pair momentum.
The radii are fitted to the angle averaged correlation
function C(q, k⊥) obtained from the hydrodynamic sim-
ulations, the same as used in the standard HBT analysis
in Sect. II. The three radii Ro, Rs, and Rl are the same
as obtained with the simpler formula (2.2). However, one
finds an asymmetry of the correlation function in the out-
long direction, both in d-Au collisions at RHIC and p-Pb
collisions at the LHC, which results in a nonzero value of
R2ol (Fig. 2).
The nonzero value of R2ol for the correlation function in
a symmetric window around midrapidity indicates that
the fireball freezes out asymmetrically at positive and
negative rapidities. On the side where the larger projec-
tile goes, the fireball lives longer (we use the convention
that the larger projectile moves with negative rapidity,
which implies a positive value for the parameter R2ol). In
Fig. 3 is shown the density of the emission points for
charged pions in d-Au collisions of centrality 0-5%. For
this centrality the number of participant nucleons from
the Au nucleus is much larger than the two participants
from the deuteron [23]. The pion rapidity distribution
is far from boost invariance and is strongly asymmet-
ric in the forward-backward direction (Fig. 4). On the
large nucleus going side (negative rapidity), the fireball is
larger and lives longer. The emission time for pions with
coordinates in the direction of the larger nucleus (z < 0)
is larger. As a consequence the momentG0 = 〈zt〉−〈z〉〈t〉
is negative, which leads to a nonzero contribution to the
R2ol HBT radius.
The asymmetric radius R2ol is larger for collisions at
lower energies. It is due to the fact that for central d-
Au collisions at 200GeV the slope of the pion distribu-
tion in rapidity dN/dy at y = 0 is larger than for p-Pb
collisions at the LHC (Fig. 4) The time delay between
pions emitted at negative and positive rapidities is larger
for d-Au than for p-Pb collisions (Fig. 3). The distri-
bution of emission points becomes more symmetric for
pions with larger transverse momentum and the value of
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FIG. 3. The (z, t) emission point density of charged pions
emitted in d-Au collisions at 200GeV (panel a) and p-Pb col-
lisions at 5.02TeV (panel b), in the longitudinal comoving
frame of the pion.
-2 -1 0 1 20.6
0.8
1
1.2
y
(0)
dydN
(y)
/
dydN
±pi d-Au 200GeV 0-5%
p-Pb 5.02eV 0-3%
FIG. 4. The scaled rapidity distribution for charged pions in
d-Au collisions at 200GeV (solid line) and p-Pb collisions at
5.02TeV (dashed line).
the forward-backward asymmetry in the emission time
decreases.
V. AZIMUTHALLY SENSITIVE HBT
ANALYSIS
In the azimuthally sensitive HBT analysis with respect
to the second order event plane, the correlation function
5is calculated for pion pairs restricted to bins in the az-
imuthal angle. The azimuthal angle Φ in the range [0, pi]
is subdivided into 6 bins. For each freeze-out hypersur-
face, the second order event plane angle Ψ2 is extracted
from Ne = 5000 combined events (each with multiplicity
Mj)
v2e
i2Ψ2 =
∑Ne
j=1
∑Mj
l=1 e
i2φl
∑Ne
j=1Mj
, (5.1)
φl are the azimuthal angles of charged particles with
|η| < 2. There is no correction for the event-plane res-
olution. On the other hand, the event-plane resolution
may constitute a severe issue for the actual experimen-
tal analysis of the azimuthally sensitive HBT for d-Au
collisions, where the multiplicity is relatively small.
The Gaussian fit functions for the each azimuthal an-
gle and pair transverse momentum bin involves 5 radii
parameters
C(q, k⊥,Φ) = 1 + λe
−R2oq
2
o−R
2
sq
2
s−R
2
l q
2
l−2R
2
olqoql−2R
2
osqoqs .
(5.2)
The parameter R2sl is consistent with zero within the ac-
curacy of the fit and is not considered in the analysis.
The azimuthal dependence of the radii is described up to
the second harmonic
R2o(Φ) = R
2
o,0 + 2R
2
o,2 cos(2Φ)
R2s(Φ) = R
2
s,0 + 2R
2
s,2 cos(2Φ)
R2l (Φ) = R
2
l,0 + 2R
2
l,2 cos(2Φ)
R2os(Φ) = 2R
2
os,2 sin(2Φ) . (5.3)
For the out-long radius
R2ol(Φ) = R
2
ol,0 + 2R
2
ol,2 cos(2Φ) (5.4)
the second harmonic term R2ol,2 could not be identi-
fied from the fit and in the following the azimuthal de-
pendence of R2ol is not considered. The angle indepen-
dent out-long parameter R2ol,0, due to forward-backward
asymmetry, is discussed in Sect. IV.
The azimuthal angle dependence of the HBT radii for
two transverse momentum bins is shown in Fig. 5. The
dependence can be described using the zeroth and second
harmonic as given by Eq. (5.3). The side radius is larger
for the in plane direction, for pion pairs emitted in that
direction the source size is dominated by the separation in
the transverse plane between the proton and the neutron
of the incoming deuteron. The fireball is wider when
observed in plane, as the deuteron is preferably oriented
out of plane. The out radius show the reverse behavior, it
is smaller when viewed from the direction with the larger
transverse flow.
The second order Fourier coefficients of the HBT radii
with respect to the second order event plane are shown in
Fig. 6. The second harmonic coefficients are fitted from
the relation (5.3), correcting for finite bin width. The
coefficient R2o,2 is negative, while R
2
s,2 is positive. The
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FIG. 5. (color online) The azimuthal angle dependence of the
HBT radii Ro (panel a), Rs (panel b), Ros (panel c) and Rl
(panel d) for 150MeV< k⊥ < 250MeV (circles) and 350MeV<
k⊥ < 450MeV (triangles), the solid lines represent the second
harmonic fit of the angular dependence of the radii (Eq. 5.3).
60 0.2 0.4 0.6-0.3
-0.2
-0.1
0
0.1
  [GeV]k
o
u
t
2
/R
o
u
t,2
2
R
d-Au 200GeV  0-5%a)
0 0.2 0.4 0.60
0.05
0.1
0.15
0.2
  [GeV]k
si
de
2
/R
si
de
,2
2
R
d-Au 200GeV  0-5%b)
0 0.2 0.4 0.60
0.05
0.1
0.15
0.2
0.25
0.3
  [GeV]k
si
de
2
/R
o
u
t-s
id
e,
2
2
R
d-Au 200GeV  0-5%c)
0 0.2 0.4 0.6-0.05
-0.04
-0.03
-0.02
-0.01
0
  [GeV]k
lo
ng
2
/R
lo
ng
,2
2
R
d-Au 200GeV  0-5%d)
FIG. 6. Second order Fourier coefficients of the oscillations
of the HBT radii with respect to the second order event plane
for d-Au collisions at 200 GeV, R2o,2/R
2
o,0 (panel a), R
2
s,2/R
2
s,0
(panel b), R2os,2/R
2
s,0 (panel c), R
2
l,2/R
2
l,0 (panel d).
dependence on the pair momentum is weak. The large
value of R2s,2 reflects the dependence of the geometrical
size of the emission source on the angle, in a very simi-
lar way as for nucleus-nucleus collisions at finite impact
parameter [24].
For d-Au collisions at 0-5% centrality the second or-
der harmonic in the azimuthal dependence of the HBT
radii is very pronounced. For the strongly deformed fire-
ball in d-Au collisions, both the shape and the flow at
freeze-out have a large quadrupole anisotropy. The sec-
ond order harmonic in the Rl radius, while it is smaller
than for Ro and Rs, can be extracted from the identi-
cal pion correlation function. The asymmetry of the flow
generates a contribution proportional to J2 in Eq. (3.4),
that can be measured. If a similar sign and magnitude
of R2l,2 is observed in experiment, it would indicate that
the viscous hydrodynamic model describes well the local
flow and the pressure anisotropy at freeze-out.
VI. SUMMARY
We present a study of HBT correlations for d-Au col-
lisions at 200GeV. The experimental analysis of the az-
imuthal correlations indicates that collective flow appears
in such collisions. The interferometry analysis is per-
formed on events generated in the viscous hydrodynamic
model that describes the observed flow asymmetry [6].
The identical pion correlation function is constructed in
bins of average transverse momentum of the pion pair.
From a Gaussian fit to the correlation function, the HBT
radii Rs, Ro, and Rl are extracted. The values of the
HBT radii are consistent with the experimental measure-
ments [5]. The model underestimates the HBT radii for
peripheral Au-Au collisions at the same energy. It may
indicate that some details of the energy deposition in the
fireball and of the flow profile are incorrect for the cho-
sen Glauber model initial conditions, further effects may
be due to pre-equilibrium flow or non-femtoscopic cor-
relations that are unaccounted for in the model. For d-
Au collisions the most important geometrical scale comes
from the r.m.s. radius of the deuteron and is correctly
taken into account in the generation of the initial fireball.
In asymmetric systems, such as d-Au or p-Pb col-
lisions, the fireball has no forward-backward reflection
symmetry in rapidity around midrapidity. The multiplic-
ity as function of pseudorapidity is higher on the side of
the large nucleus. In the hydrodynamic model, the fire-
ball lives longer and undergoes a stronger transverse ex-
pansion on that side [25]. The delay in the emission time
of pions on the side of the larger nucleus gives observable
effects for the interferometry correlations, a term com-
bining the out and long directions appears in the Gaus-
sian formula for the correlation function. The calculation
predicts a nonzero value for the corresponding parameter
R2ol in asymmetric d-Au or p-Pb collisions.
For central d-Au collisions the system is strongly asym-
metric in azimuthal angle. The geometrical size is larger
7out of plane and the transverse flow is stronger in plane.
The effects of this asymmetry are clearly visible in az-
imuthally sensitive HBT analysis with respect to the
second order event plane. The three HBT radii show
a significant cos(2Φ) angular dependence. The second
harmonic coefficient for the side radius is positive, as ex-
pected from the geometry of the emission source. The
reverse is observed for the out direction, R2o,2 is negative.
The strong elliptic flow generates a small angular depen-
dence in the long direction Rl. The out-side radius R
2
os
is non-zero and proportional to sin(2Φ).
The observed angular correlations in d-Au collisions [6]
can originate from color glass condensate effects [26] or
from the collective flow [3, 7, 27]. The experimental ob-
servation of the azimuthal dependence of the HBT radii
with respect to the second order event plane would mean
that there is a correlation between the geometrical orien-
tation of the fireball in d-Au collisions and the preferred
flow direction. This would indicate that collective flow
is the dominant source of the observed correlations, as
the collective expansion translates the initial geometrical
asymmetry into the azimuthal momentum asymmetry of
the observed particles.
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